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A COMBINATORIAL APPROACH TO COARSE GEOMETRY
M. CENCELJ, J. DYDAK, A. VAVPETICˇ, AND Zˇ. VIRK
Abstract. Using ideas from shape theory we embed the coarse category of
metric spaces into the category of direct sequences of simplicial complexes with
bonding maps being simplicial. Two direct sequences of simplicial complexes
are equivalent if one of them can be transformed to the other by contiguous
factorizations of bonding maps and by taking infinite subsequences. That
embedding can be realized by either Rips complexes or analogs of Roe’s anti-
Cˇech approximations of spaces.
In that model coarse n-connectedness of K = {K1 → K2 → . . .} means
that for each k there is m > k such that the bonding map from Kk to Km
induces trivial homomorphisms of all homotopy groups up to and including n.
The asymptotic dimension being at most n means that for each k there is
m > k such that the bonding map from Kk to Km factors (up to contiguity)
through an n-dimensional complex.
Property A of G.Yu is equivalent to the condition that for each k and for
each ǫ > 0 there is m > k such that the bonding map from |Kk| to |Km| has
a contiguous approximation g : |Kk| → |Km| which sends simplices of |Kk| to
sets of diameter at most ǫ.
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1. Introduction
In homotopy theory the class with optimal properties consists of CW complexes.
Other spaces are investigated by mapping CW complexes to them. That leads
to the concept of the singular complex Sin(X) of a space X together with the
projection p : Sin(X)→ X so that the following conditions are satisfied:
(1) Any continuous map f : K → X , K a CW complex, lifts up to homotopy
to a continuous map g : K → Sin(X) and g is unique up to homotopy,
(2) p induces isomorphisms of all singular homology groups.
Thus p : Sin(X)→ X is a universal object among all continuous maps from CW
complexes to X and Sin(X) represents all information about X from the point of
view of the weak homotopy theory. A map f : X → Y of topological spaces is a
weak homotopy equivalence if it induces a bijection f∗ : [K,X ]→ [K,Y ] of sets
of homotopy classes for all CW complexes K (equivalently, it induces a homotopy
equivalence from Sin(X) to Sin(Y )).
The shape theory (see [2] and [10] ) represents the dual point of view: an arbitrary
topological space X is investigated by mapping X to CW complexes K. A map
f : X → Y of topological spaces is a shape equivalence if it induces a bijection
f∗ : [Y,K]→ [X,K] of sets of homotopy classes for all CW complexes K.
In contrast to the weak homotopy theory there is no universal continuous map
from X to a particular CW complex. Instead, each space X has the Cˇech system
{Kα, [pβα], A} with projections pα : X → Kα which reflects the shape of X in the
following sense:
a. For any continuous map f : X → K to a CW complex K there is α ∈ A
and g : Kα → K such that f is homotopic to g ◦ pα,
b. Given α ∈ A and given continuous maps g, h : Kα → K with g ◦ pα homo-
topic to h ◦ pα there is β ≥ α so that g ◦ pβα is homotopic to h ◦ p
β
α.
The Cˇech system of X consists of geometric realizations of nerves of numerable
open coverings ofX and the bonding maps are simplicial maps induced by functions
between covers that reflect one of them being a refinement of the other.
In this paper we will show that the coarse category of metric spaces is dual to
shape category in the following sense: for each X we consider the set of equivalence
classes C(K,X) of functions f : K → X from a simplicial complex K to X . It is
required that the family {f(∆)}∆∈K is uniformly bounded (we call such functions
bornologous) and f and g are equivalent if the family {f(∆) ∪ g(∆)}∆∈K is
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uniformly bounded. Each metric space has a coarse Cˇech system {Km} consisting
of a direct system of simplicial complexes and simplicial maps. That system is
universal among all bornologous functions from simplicial complexes to X .
We show asymptotic dimension is dual to the shape dimension and coarse con-
nectivity is dual to shape connectivity.
Convention: The metrics considered in this paper may attain infinite values. As
explained in [1], the primary advantage of such metrics is the ability of constructing
disjoint unions of metric spaces (see the proof of 2.2).
We will make a careful distinction between graphs (or simplicial complexes)
and their geometric realization. Usually we will focus on the set of vertices X =
G(0) of a graph G (or a simplicial complex K) and we may denote G (or K) by
X in the absence of other graph (or simplicial complex) structures on X . By
geometric realization |G| (or |K|) we mean G(0) and the union of all geometric
edges (geometric simplices) induced by edges in G (simplices in K). Thus, given a
simplex ∆ = [x0, . . . , xn] (a finite subset of X), its geometric realization |∆| is the
set of all formal linear combinations
n∑
i=0
ti · xi, where ti ≥ 0 and
n∑
i=0
ti = 1.
Given a set X we can put a graph structure G on it by specifying all the edges
(example: the Cayley graph of a finitely generated group). A graph structure G on
X leads to the graph metric dG on X as follows (notice the advantage of using
metrics with infinite values):
(1) dG(v, w) = 0 if and only if v = w,
(2) 0 < dG(v, w) ≤ n if and only if v 6= w and there is a chain v0 = v, . . . , vn =
w such that [vi, vi+1] is an edge in G for each 0 ≤ i < n. dG(v, w) = k > 0
if dG(v, w) ≤ k and dG(v, w) ≤ k − 1 is false,
(3) dG(v, w) =∞ otherwise.
Conversely, given a metric dX on X , we can put several graph structures on X :
Definition 1.1. Given a metric space (X, dX) and t > 0, the Rips graph
RipsGt(X) consists of edges [x, y] such that dX(x, y) ≤ t.
Observe RipsGn(RipsGm(X, dX)) = RipsGm·n(X, dX) for (X, dX) geodesic and
m,n positive integers.
Notice that πt : RipsGt(X)→ X induced by the identity function is t-Lipschitz.
Moreover, t-Lipschitz maps from a graph V to X are in one-to-one correspondence
with short maps from V to RipsGt(X) (following Gromov by short maps we mean
Lipschitz maps with the Lipschitz constant one).
Notice that a function f : G→ H between graphs is short if and only if for every
edge [x, y] of G, [f(x), f(y)] is an edge of H .
Observe that the metric dX of a metric space (X, dX) is induced by some graph
structure on X if and only if dX is integer valued and X is 1-geodesic. A metric
space (X, dX) is t-geodesic if for every two points x and y there is a t-chain
x0 = x, . . . , xk = y (that means dX(xi, xi+1) ≤ t for all 0 ≤ i ≤ k − 1) such
that dX(x, y) =
k−1∑
i=0
dX(xi, xi+1). Furthermore the graph metric dG on G can be
extended to a geodesic metric on the geometric realization |G| of G.
One can generalize the concept of Rips graphs from metric spaces to arbitrary
sets provided a cover of the set is given:
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Definition 1.2. Given a set X and a cover U of X , the Rips graph RipsGU (X)
consists of edges [x, y] such that there is an element U of U containing x and y.
Notice RipsGt(X) ⊂ RipsGU (X) ⊂ RipsG2t(X), where U is the cover of X by
closed t-balls.
2. The coarse category
In this section we introduce the coarse category of metric spaces in a way different
(but equivalent) to that of Roe [12]. It is similar to the intuitive way of introducing
asymptotic cones of metric spaces: one looks at a given metric space from farther
and farther away. In our case the basic idea is to look at two functions from farther
and farther away.
From the large scale point of view two functions f, g : (X, dX)→ (Y, dY ) should
be considered indistinguishable if they are within finite distance from each other
(i.e., sup
x∈X
dY (f(x), g(x)) < ∞). Therefore it makes sense to consider the set of
equivalence classes [X,Y ]ls induced on the set of all functions from X to Y by the
equivalence relation f ∼ls g if and only if sup
x∈X
dY (f(x), g(x)) <∞.
The next logical step, from the categorical point of view, is to consider functions
that preserve the relation ∼ls. Obviously, f ∼ls g implies f ◦ α ∼ls g ◦ α for any
α : (Z, dZ)→ (X, dX), so the following definition addresses the crux of the matter:
Definition 2.1. A function α : (X, dX)→ (Y, dY ) of metric spaces is bornologous
(or large scale uniform) if f ∼ls g, f, g : (Z, dZ)→ (X, dX), implies α◦f ∼ls α◦g.
Let us show that our definition of a function being bornologous is equivalent to
that of J.Roe [12]:
Proposition 2.2. If α : (X, dX)→ (Y, dY ) is a function of metric spaces, then the
following conditions are equivalent:
a. α is bornologous,
b. For any t > 0 there is s > 0 such that dX(x, y) < t implies dY (α(x), α(y)) <
s.
Proof. Suppose α is bornologous. For t > 0 define a metric space Xt =∐
x∈X B(x, t) × {x} with metric
dt((x1, y1), (x2, y2)) =
{
dX(x1, x2) ; y1 = y2,
∞ ; y1 6= y2
.
Maps f, g : Xt → X defined as f(x, y) = x and g(x, y) = y are at distance at most
t, hence f ∼ls g. Because α is bornologous, α ◦ f ∼ls α ◦ g which means that there
exists s > 0 such that dX((α ◦ f)(x, y), (α ◦ g)(x, y)) < s. Let dX(x, y) < t, then
(x, y) ∈ Xt. Because (α ◦ f)(x, y) = α(x) and (α ◦ g)(x, y) = α(y), the distance
dY (α(x), α(y)) < s.
Suppose that for any t > 0 there is s > 0 such that dX(x, y) < t implies
dY (α(x), α(y)) < s. Let f, g : (Z, dZ) → (X, dX) satisfy supz∈Z dX(f(x), g(x)) =
t <∞. Let s be as above. Then dX(α(f(z)), α(g(z))) < s, hence α ◦ f ∼ls α ◦ g.

Definition 2.3. A bornologous function α : (X, dX)→ (Y, dY ) of metric spaces is
a large scale isomorphism if it induces a bijection α∗ : [Z,X ]ls → [Z, Y ]ls for all
metric spaces (Z, dZ).
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As in the case of bornologous functions, our definition of large scale isomorphisms
is equivalent to that in [12]:
Proposition 2.4. If α : (X, dX) → (Y, dY ) is a bornologous function of metric
spaces, then the following conditions are equivalent:
a. α is a large scale isomorphism,
b. There is a bornologous function β : (Y, dY ) → (X, dX) such that α ◦ β ∼ls
idY and β ◦ α ∼ls idX .
Proof. Suppose α is a large scale isomorphism. The map α∗ : [Y,X ]ls → [X,X ]ls
is a bijection, hence there exists a map β : Y → X such that α◦β ∼ls idY . Because
α ◦ β ◦ α ∼ls α ◦ idX and α∗ : [X,X ]ls → [X,Y ]ls is a bijection, also β ◦ α ∼ls idX .
Let us show that β is bornologous. Let f, g : Z → Y be maps between metric spaces
and f ∼ls g. Because α ◦ β is bornologous, (α ◦ β) ◦ f ∼ls (α ◦ β) ◦ g. Because
α∗ : [Z,X ]ls → [Z, Y ]ls is a bijection, β ◦ f ∼ls β ◦ g.
Suppose there is a bornologous function β : (Y, dY )→ (X, dX) such that α◦β ∼ls
idY and β ◦ α ∼ls idX . Let Z be a metric space and f, g : Z → X such that
α◦f ∼ls α◦g. Then f ∼ls β ◦α◦f ∼ls β ◦α◦g ∼ls g, hence α∗ : [Z,X ]ls → [Z, Y ]ls
is a monomorphism. Let h : Z → Y be a map. Then α ◦ (β ◦ h) ∼ls h, so α∗ is an
epimorphism. 
In view of 2.2 the simplest bornologous functions are Lipschitz functions. Con-
versely, it is easy to deduce from 2.2 that every bornologous function defined on a
t-geodesic space is Lipschitz.
The following result shows that Lipschitz maps from graphs are of primary in-
terest in large scale geometry.
Theorem 2.5. Let f : (X, dX)→ (Y, dY ) be a function of metric spaces.
a. f is bornologous if and only if for every Lipschitz function g : (G, dG)→ X,
G any graph, f ◦ g is Lipschitz,
b. f induces a large scale isomorphism if and only if every Lipschitz function
h : G→ Y , G any graph, lifts (up to large scale equivalence) to a Lipschitz
map to X and the lift is unique up to large scale equivalence.
Proof. (a). Let a map f : (X, dX)→ (Y, dY ) be bornologous and g : (G, dG)→
X be a Lipschitz map with Lipschitz constant t. There exists s > 0 such that
dX(x, y) < t implies dY (f(x), f(y)) < s. Let a, b ∈ G and dG(a, b) = n, then
there exit a sequence a0, . . . , an ∈ G such that a0 = a, an = b, and dG(ai−1, ai) =
1 for i = 1, . . . , n. For i = 1, . . . , n the distance dX(g(ai−1), g(ai)) < t, hence
dY (fg(ai−1), fg(ai)) < s. Therefore
dY (fg(a), fg(b)) ≤
n∑
i=1
dY (fg(ai−1), fg(ai)) ≤
n∑
i=1
s = sdG(a, b)
and the map f ◦ g is Lipschitz.
Suppose that for every Lipschitz function g : (G, dG) → X , G any graph, f ◦ g
is Lipschitz. Let us prove that f is bornologous. Let t > 0. The map πt : G =
RipsGt(X)→ X is t-Lipschitz, hence the map f ◦ πt is L-Lipschitz for some L. If
dX(x, y) < t and x 6= y, then
dY (f(x), f(y)) = dY (fπt(x), fπt(y)) ≤ LdG(x, y) = L,
so f is bornologous.
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(b). Let f be a large scale isomorphism. There exists a bornologous function
g : Y → X , such that f ◦ g ∼ls idY and g ◦ f ∼ls idX . Let h : G→ Y be a Lipschitz
map. Let h˜ = g ◦ h. Then f ◦ h˜ = f ◦ g ◦ h ∼ls h, so h˜ is a lift up to large
scale equivalence of the map h. Suppose h′ : G→ X be a Lipschitz map such that
f ◦ h′ ∼ls h. Then h˜ = g ◦ h ∼ls g ◦ f ◦ h′ ∼ls h′, hence a lift is unique.
Suppose every Lipschitz function h : G→ Y , G any graph, lifts (up to large scale
equivalence) to X and the lift is unique up to large scale equivalence. Consider lifts
ht : RipsGt(Y ) → X of the projections πt : RipsGt(Y ) → Y for all t > 0. If s > t,
then both hs and ht can be considered as lifts of πt : RipsGt(Y ) → Y , so they are
ls-equivalent. Notice all ht : Y → X are bornologous. Indeed, if dY (x, y) < s and
s > t, then dX(hs(x), hs(y)) ≤ Ls, where Ls is the Lipschitz constant of hs. Since
there is c > 0 such that dX(hs(z), ht(z)) < c for all z ∈ Y , dX(ht(x), ht(y)) ≤
Ls + 2c.
It remains to show that hs◦f is ls-equivalent to idX for some s > 0. Choose s > 0
such that dX(x, y) < 1 implies dY (f(x), f(y)) < s and notice f : RipsG1(X) →
RipsGs(Y ) is short. The map g = hs ◦ f : RipsG1(X)→ X is Lipschitz and f ◦ g is
ls-equivalent to f ◦ π1 : RipsG1(X)→ Y . That means g is ls-equivalent to idX (use
the uniqueness of lifts up to ls-equivalence). 
3. Coarse graphs
Definition 3.1. Given a graph G, by A(G) we mean the graph with the same
set of vertices as G but the set of edges is increased by adding all [v, w] such that
dG(v, w) = 2.
In other words, A(G) equals RipsGt(G, dG) for any 2 < t < 3.
Notice the identity function G → A(G) is short and bi-Lipschitz for any graph
G.
Definition 3.2. A coarse graph is a direct sequence {V1 → V2 → . . .} of graphs
Vn and short maps in,m : Vn → Vm for all n ≤ m such that
(1) in,n = id for all n ≥ 1,
(2) in,k = im,k ◦ in,m for all n ≤ m ≤ k,
(3) for every n ≥ 1 there is m > n so that in,m : A(Vn)→ Vm is short.
Definition 3.3. A coarse graph of a metric space (X, dX) is a coarse graph
{V1 → V2 → . . .} together with Lipschitz maps pn : Vn → X
V1
p1

i1,2 // V2
p2
~~}}
}}
}}
}}
i2,3 // V3
p3
vvnnn
nn
nnn
nnn
nnn
n
i3,4 // · · ·
X
for all n such that the following conditions are satisfied:
a. pn is ls-equivalent to pn+1 ◦ in,n+1 for each n ≥ 1,
b. For any Lipschitz map g : V → X from a graph V there is n ≥ 1 and a
short map g′ : V → Vn such that pn ◦ g′ is large scale equivalent to g,
c. If g, h : V → Vn are two short maps from a graph V such that pn ◦g is large
scale equivalent to pn ◦ h, then there is m > n such that in,m ◦ g is large
scale equivalent to in,m ◦ h.
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Traditionally, a Cayley graph of a finitely generated group G is defined to be
Γ(G,S), where S is a symmetric finite set of generators of G not containing the
neutral element 1G. Its set of vertices is G and edges of Γ(G,S) are precisely of
the form [g, g · s], g ∈ G and s ∈ S. However, one can easily generalize the concept
of Cayley graphs to arbitrary groups G and arbitrary finite subsets S of G \ {1G}
(actually, S may be infinite but we do not know any application of such graphs).
It is known that arbitrary countable group G has a proper left invariant metric
dG (see [13] or [14]) and any two such metrics are coarsely equivalent. Our next
result is a variant of that fact.
Proposition 3.4. Suppose dG is a left invariant proper metric on a group G. If
Sn is an increasing sequence of finite symmetric subsets of G such that G \ {1G} =
∞⋃
n=1
Sn, then the sequence {Γ(G,S1) → Γ(G,S2) → . . .} together with projections
πi : Γ(G,Si)→ G forms a coarse graph of (G, dG).
Proof. Obviously, maps in,m : Γ(G,Sn) → Γ(G,Sm) are identities on vertices
and are short for n ≤ m. For any n there is m ≥ n such that sn · Sn ⊂ Sm in
which case in,m : A(Γ(G,Sn)) → Γ(G,Sm) is short. If g : V → G is a short map
from a graph V to G, we pick Sn containing the ball B(1G, 2) at 1G of radius 2 (as
dG is proper, that ball is finite). Now g considered as a map from V to Γ(G,Sn)
is short. Indeed, if [v, w] is an edge in V , then dG(g(v), g(w)) ≤ dV (v, w) = 1, so
dG(1G, g(v)
−1 · g(w)) ≤ 1 and s = g(v)−1 · g(w) ∈ Sn. Therefore [g(v), g(w)] is an
edge in Γ(G,Sn) proving g is short.
Suppose g, h : V → Γ(G,Sn) are two short maps so that πn ◦ g ∼ls πn ◦ h. There
is M > 0 such that dG(g(v), h(v)) < M for all vertices v of V . Choose m > n
with the property that Sm contains the ball B(1G,M). As above, we can show
[g(v), h(v)] is an edge in Γ(G,Sm) for any vertex v of V . Thus in,m ◦ g ∼ls in,m ◦h.

Example 3.5. The following example generalizes Rips graphs. Suppose (X, dX)
is a metric space and Un is a sequence of uniformly bounded covers of X such that
Un is a refinement of Un+1 and Lebesgue numbers L(Un) of Un form a sequence
diverging to infinity. The Rips coarse graph of X with respect to the sequence Un is
{RipsGU1(X)→ RipsGU2(X)→ . . .} together with projections πi : RipsGUi(X)→
X where
(1) maps πi are induced by the identity idX ;
(2) maps in,m : RipsGUn(X)→ RipsGUm(X) are identities on vertices.
Proposition 3.6. If Un is a sequence of uniformly bounded covers of X such that
Un is a refinement of Un+1 and Lebesgue numbers form a sequence L(Un) → ∞
as n → ∞, then the sequence {RipsGU1(X) → RipsGU2(X) → . . .} together with
projections πi : RipsGUi(X)→ X forms a coarse graph of (X, dX).
Proof. We first prove that {RipsGU1(X) → RipsGU2(X) → . . .} is a coarse
graph. Because Un is a refinement of Un+1 all identity maps in,m are short. Fur-
thermore because the edges of A(RipsGUn(X)) are a subset of edges of RipsGUm(X)
provided L(Um) ≥ d (where Un is d bounded) the map in,m : A(RipsGUn(X)) →
RipsGUm(X) is short for every choice of sufficiently large m > n. The maps πi are
ai−Lipschitz where Ui is ai−bounded cover. Also pn is ls-equivalent to pn+1◦in,n+1
for each n ≥ 1.
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Let g : V → X be a−Lipschitz map from a graph V . Then g induces a short
map g′ : V → RipsGUn(X) for every n such that L(Un) ≥ a and πt(n) ◦g
′ = g holds.
Suppose g, h : V → RipsGUn(X) are two short maps from a graph such that
πn ◦ g is d−close to πn ◦ h. Then in,m ◦ g is 1−close to in,m ◦ h for every m ≥ n so
that L(Um) ≥ d. 
Note that in,m : A(RipsGUn(X)) → RipsGUm(X) is short if Un is a star refine-
ment of Um.
Corollary 3.7. If t(n) → ∞ is increasing, then the sequence {RipsGt(1)(X) →
RipsGt(2)(X) → . . .} together with projections πt(n) : RipsGt(n)(X) → X forms a
coarse graph of (X, dX).
For any two graphs G1 and G2 let Short(G1, G2)ls be the set of large scale
equivalence classes of short maps from G1 to G2.
Given a coarse graph {V1 → V2 → . . .} and a graph V we consider the direct
limit of Short(V, V1)ls → Short(V, V2)ls → . . . and define it as the set of morphisms
from V to {V1 → V2 → . . .}.
The set of morphisms from {W1 → W2 → . . .} to V = {V1 → V2 → . . .} is the
inverse limit of . . .→Mor(Wn,V)→ . . .→Mor(W1,V).
We can restate the above definition of morphisms between coarse graphs as
follows. Suppose V = {V1
i1,2
→ V2
i2,3
→ . . .} and W = {W1
j1,2
→ W2
j2,3
→ . . .} are two
coarse graphs. First we consider a pre-morphism F : V → W that consists of
short maps fk : Vk → WnF (k) so that for every k ≥ 1 there is m ≥ nF (k + 1)
resulting in jnF (k),m ◦ fk ∼ls jnF (k+1),m ◦ fk+1 ◦ ik,k+1.
W1
j1,2 // W2
j2,3 // · · ·
j // WnF (1)
j // · · ·
j // WnF (2)
j // · · ·
j // WnF (3) · · ·
V1
f1
44hhhhhhhhhhhhhhhhhhhhhhhh
i1,2
// V2
f2
22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
i2,3
// V3
f3
11ddddddddddddddddddddddddddddddddddddddddddddddd
i3,4
// · · ·
Two pre-morphisms F,G : V → W are considered to be equivalent if for every k
there is m ≥ max{nF (k), nG(k)} so that jnF (k),m ◦ fk ∼ls jnG(k),m ◦ gk. The sets
of equivalence classes of pre-morphisms form the set of morphisms from V to W .
Theorem 3.8. If V = {V1 → V2 → . . .} is a coarse graph of (X, dX) and W =
{W1 → W2 → . . .} is a coarse graph of (Y, dY ), then there is a natural bijection
between bornologous maps from X to Y and morphisms from V to W.
Proof. We will follow the notation from the diagram below
V1
p1

i1,2 // V2
p2
~~}}
}}
}}
}}
i2,3 // V3
p3
vvnnn
nnn
nn
nnn
nnn
n
i3,4 // · · · W1
q1

j1,2 // W2
q2
}}zz
zz
zz
zz
j2,3 // W3
q3
vvmmm
mmm
mmm
mmm
mmm
m
j3,4 // · · ·
X Y
Suppose f : X → Y is a bornologous map. Notice that every map f ◦pi : Vi → Y
is Lipschitz as f is bornologous and f ◦ pi is defined on a graph. As W is a coarse
graph of (Y, dY ), each f ◦pi lifts to a short map fi : Vi →Wn(i). Since V is a coarse
graph of (X, dX), maps fi form a pre-morphism F : V → W . Also note that such
construction gives us a unique morphism F with the property f ◦ p∗ ∼ls q∗ ◦ F .
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Let F : V → W be a pre-morphism. Consider the Rips coarse graph {RipsG1(X)
e1,2
→
RipsG2(X)
e2,3
→ . . .} of (X, dX) together with projections πn : RipsGn(X) → X .
The identity map 1X ◦ πk : RipsGk(X) → X is short and lifts to a short map
gk : RipsGk(X)→ Vm(k). Define a map f : X → Y by f(x) := qn(m(1))◦fm(1)◦g1(x).
Note that the properties of coarse complexes and their morphisms imply that all
the maps X → Y defined by f(x) := qn(m(k)) ◦ fm(k) ◦ gk(x) are close to each other
which means there is exactly one function f factoring over F . Also note that maps
qn(m(k)) ◦ fm(k) ◦ gk : RipsGk(X) → Y are Lipschitz for every choice of k which
means that f is bornologous: if dX(x, y) < r then dY (f(x), f(y)) < L + 2C where
L is the Lipschitz constant of the map qn(m(k)) ◦ fm(k) ◦ gk and qn(m(k)) ◦ fm(k) ◦ gk
is C-close to qn(m(1)) ◦ fm(1) ◦ g1(x).
X
1X // X
f //__________ Y
RipsG1(X)
e
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The fact that f is a unique map that factors over fm(1) (that is f ◦ p∗ ∼ls q∗ ◦ F )
implies that the rule F 7→ f is the inverse of the rule f 7→ F from the previous
paragraph. Hence the two rules induce a bijection.
These bijections are natural as f ◦ g 7→ F ◦G which follows from the commuta-
tivity of the diagrams. 
Corollary 3.9. Any two coarse graphs of X are ls-equivalent.
4. Coarse simplicial complexes
We have seen that graphs are sufficient to describe coarse category of metric
spaces. However, in order to capture more complicated concepts (asymptotic di-
mension, coarse connectivity, and Property A) we need to consider simplicial com-
plexes.
In this section we will consider simplicial complexes K with the set of vertices
X . Each such complex induces the graph G(K) obtained by considering only the
edges of K (i.e., G(K) is the 1-skeleton of K).
Proposition 4.1. A function f : G(K) → Y is Lipschitz if and only if the family
{f(∆)}∆∈K is uniformly bounded in (Y, dY ).
Proof. If f is a−Lipschitz then {f(∆)}∆∈K is uniformly a−bounded. Con-
versely, if {f(∆)}∆∈K is uniformly a−bounded then f is a−Lipschitz as graphs are
1−geodesic. 
10 M. CENCELJ, J. DYDAK, A. VAVPETICˇ, AND Zˇ. VIRK
Conversely, each graph G on X induces the minimal flag complex F (G) contain-
ing G (recall K is a flag complex if ∆ is a simplex of K whenever [v, w] belongs
to K for all v, w ∈ ∆) and each short map G1 → G2 induces a simplicial map
F (G1)→ F (G2).
Example 4.2. Given a metric space (X, d) and uniformly bounded cover U of X ,
the Rips complex RipsU (X) equals F (RipsGU(X)).
We can extend the definition of A(G) from graphs to complexes as follows:
Definition 4.3. ∆ ∈ A(K) if and only if there is v ∈ K(0) such that the set of
vertices ∆(0) of ∆ is contained in the closed star of v in K. Equivalently, there is
a vertex v of K such that [v, w] is an edge of K for each vertex w of ∆.
A map f : K → X from a simplicial complex K to a metric space X is bornol-
ogous if and only if the family {f(∆)}∆∈K is uniformly bounded.
Note that any coarse graph G1 → G2 → . . . induces simplicial maps of complexes
F (Gn)→ F (Gm).
Definition 4.4. A coarse simplicial complex is a direct sequence {K1 → K2 →
. . .} of simplicial complexes Kn and simplicial maps in,m : Kn → Km for all n ≤ m
such that the following conditions are satisfied:
a. in,n = id and in,k = in,m ◦ im,k for all n ≤ m ≤ k,
b. for each n there is m > n such that in,m : A(Kn)→ Km is simplicial.
Example 4.5. For any metric space (X, dX) and any increasing sequence {t(n)}
diverging to infinity, the sequence of Rips complexesKn = Ripst(n)(X) with identity
maps in,m : Kn → Km for n ≤ m forms a coarse simplicial complex.
Example 4.6. Suppose (X, dX) is a metric space and Un is a sequence of uniformly
bounded covers of X such that Lebesgue numbers L(Un) → ∞ as n → ∞ and Un
is a refinement of Un+1. Then the sequence of Rips complexes KUn = RipsUn(X)
with identity maps in,m : Kn → Km for n ≤ m forms a coarse simplicial complex.
Any such coarse complex will be denoted by Rips∗(X) and called a coarse Rips
complex of X .
Proof. Similar as first part of 3.6. Because Un is a refinement of Un+1, [v, w]
is an edge of RipsUm(X) for every edge [v, w] of RipsUn(X) with n ≤ m. Rips∗(X)
being a flag complex of its one skeleton implies that all the maps in,m are simplicial.
Furthermore, edges of A(RipsUn(X)) form a subset of edges of RipsUm(X) for every
m with L(Um) ≥ d (where Un is d bounded), hence natural map A(RipsUn(X))→
RipsUm(X) is simplicial. 
The following is similar to Roe’s concept of an anti-Cˇech approximation of a
metric space X :
Example 4.7. Suppose (X, dX) is a metric space and Un is a sequence of uniformly
bounded covers of X such that Un+1 is a star refinement of Un for each n ≥ 1. Then
the sequence N (U1)→ N (U2)→ . . . of nerves of covers Un forms a coarse simplicial
complex if in,n+1(U) contains the star st(U,Un) for each U ∈ Un. Any such coarse
complex will be denoted by Cˇech∗(X) and called a coarse Cˇech complex of X .
Proof. For U ∈ N (Un) define in,n+1(U) to be any V ∈ N (Un+1) that contains
the star of U . zˇ Maps in,n+1(U) induce maps in,m. To prove that in,n+1(U) is
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simplicial consider simplex [U1, . . . , Uk] ∈ N (Un) i.e. U1 ∩ . . . ∩ Uk 6= ∅. Then
f(U1) ∩ . . . ∩ f(Uk) 6= ∅ implies [f(U1), . . . , f(Uk)] ∈ N (Un+1) hence map in,n+1 is
simplicial ∀n.
Suppose each of the sets U1, . . . , Uk ∈ Un has nonempty intersection with U ∈ Un.
Then all the sets in,n+1(U1), . . . , in,n+1(Uk) have nonempty intersection (namely
contain the set U) hence [in,n+1(U1), . . . , in,n+1(Uk)] ∈ N (Un+1) which implies
that in,n+1 : A(N (Un))→ N (Un+1) is simplicial. 
Definition 4.8. Simplicial maps f, g : K → L between simplicial complexes are
contiguous if for every simplex ∆ of K, f(∆)∪ g(∆) is contained in some simplex
of L.
Definition 4.9. A coarse complex of a metric space (X, dX) is a coarse complex
K = {K1 → K2 → . . .} together with bornologous functions pn : Kn → X , n ≥ 1,
satisfying conditions
a. pn is ls-equivalent to pn+1 ◦ in,n+1 for each n ≥ 1,
b. For each bornologous function f : K → X from a simplicial complex K
to X there is n ≥ 1 and a simplicial function g : K → Kn such that f is
ls-equivalent to pn ◦ g,
c. If f, g : K → Kn are two simplicial functions so that pn ◦ f ≈ls pn ◦ g, then
there is m > n such that in,m ◦ f is contiguous to in,m ◦ g.
Example 4.10. Any coarse Rips complex Rips∗(X) together with identity func-
tions Rips∗(X) → X forms a coarse complex of X , if the Lebesgue numbers
L(Un)→∞ as n→∞.
Proof. Suppose ∆ := [v1, . . . , vk] ∈ RipsUn(X) where Un is dn-bounded cover
of X . Then pn(∆) is dn-bounded hence pn is bornologous. Also note that pn =
pn+1 ◦ in,n+1 by the definition.
Suppose f : K → X is a bornologous function from a simplicial complex K
to X so that sets {f(∆)}∆∈K are a−bounded. Then the naturally induced map
fn : K → RipsUn(X) (naturally induced meaning pn ◦fn = f) is simplicial for every
n with L(Un) ≥ a.
Suppose f, g : K → Kn are two simplicial functions so that pn ◦ f is d−close to
pn ◦ g. Then in,m ◦ f is contiguous to in,m ◦ g for every m ≥ n with L(Um) ≥ d+ b,
where Un is b−bounded. 
Example 4.11. Any coarse Cˇech complex Cˇech∗(X) together with functions pn : Un →
X such that pn(U) ∈ U for all U ∈ Un forms a coarse complex of X .
Proof. Define pn(U) to be any point of U . If the cover Un is an-bounded then
pn is 2an-bornologous and pn is an+1 close to pn+1 ◦ in,n+1.
Suppose f : K → X is a b-bornologous map from a simplicial complex K to X .
Pick n so that L(Un) ≥ b and define g : K → RipsUn(X) by mapping v to any
element of Un containing B(f(v), b). Note that pn ◦ g is an close to f . Furthermore
g is simplicial: if [v1, . . . , vk] ∈ K then f(vi) ∈ g(vj), ∀i, j, hence [g(v1), . . . , g(vk)] ∈
RipsUn(X).
Suppose g, f : K → RipsUn(X) are two simplicial maps, so that pn ◦ f and pn ◦ g
are d−close and b−bornologous. Choose m ≥ n so that L(Um) ≥ d + b and let
∆ = [v1, . . . , vk] ∈ K. There exists U ∈ Um containing B(pm ◦ f(v1), d+ b) hence it
contains pm◦f(vi), pm◦g(vj), ∀i, j. Such set will be contained in all sets in,m+1◦f(v1)
and in,m+1 ◦ g(v1) hence in,m+1 ◦ f(∆) ∪ in,m+1 ◦ g(∆) is contained in a simplex.
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The parameter m does not depend on the choice of ∆ which implies that in,m+1 ◦ f
and in,m+1 ◦ g are contiguous. 
Proposition 4.12. Suppose L is a simplicial complex and K = {K1 → K2 → . . .}
is a coarse simplicial complex. Consider the direct limit of the direct sequence of
sets of simplicial maps {SM(L,K1) → SM(L,K2) → . . .} and observe contiguity
induces an equivalence relation on that set. The set of all contiguity classes is the
set of ls-morphisms LS(L,K) from L to K.
If L = {L1 → L2 → . . .} is a coarse complex, then . . . LS(Ln,K)→ LS(Ln−1,K)→
. . . → LS(L1,K) is an inverse sequence and its inverse limit forms the set of ls-
morphisms LS(L,K) from L to K.
Proposition 4.13. If (X, dX) and (Y, dY ) are metric spaces with coarse com-
plexes K and L respectively, then there is a natural bijection between the set of
ls-morphisms from X to Y and the set of ls-morphisms from K to L.
Proof. The proof amounts to a modification of the proof of 3.8. 
Corollary 4.14. Any coarse Rips complex of X and any coarse Cˇech complex of
X are ls-equivalent.
5. Asymptotic dimension of coarse simplicial complexes
Definition 5.1. We say that K
g
→ M
h
→ L is a contiguous factorization of
K
f
→ L if f , g, and h are simplicial maps and f is contiguous to h ◦ g.
Definition 5.2. Given a coarse simplicial complex K we say its asymptotic di-
mension is at most n (notation: asdim(K) ≤ n) if for each m there is k > m such
that im,k factors contiguously through an n-dimensional simplicial complex.
Corollary 5.3. If K is coarsely equivalent to L, then asdim(K) = asdim(L).
Proof. Let K = {K1
i1,2
→ K2
i2,3
→ . . .} and L = {L1
j1,2
→ L2
j2,3
→ . . .} be coarsely
equivalent. Let ϕ : K → L be an isomorphism and ψ : L → K its inverse. For every
k there exist α(k) and β(k) such that the simplicial maps ϕk : Kk → Lα(k) and
ψk : Lk → Kβ(k) are short. Because ψ is the inverse of ϕ, ψα(k)ϕk ∼ls ik,β(α(k)) and
ϕβ(k)ψk ∼ls jk,α(β(k)) for large k. Suppose asdim(K) ≤ n. For every m there exist
k > m, an n-dimensional simplicial complex M and simplicial maps f : Kβ(k) →M
and g : M → Kk such that gf and ik,β(m) are contiguous. Let f˜ = fψm and
g˜ = ϕkg, then jm,α(k) and g˜f˜ are contiguous, hence asdim(L) ≤ n. 
Theorem 5.4. asdim(X) = asdim(Rips∗(X)) for any metric space X.
Proof. Given t > 0 consider the cover U = {B(x, t)}x∈X of X by t-balls and
choose a uniformly bounded cover V = {Vi}i∈J of X together with a function
f : X → J such that B(x, t) ⊂ Vf(x) for all x ∈ X and f factors contiguously
through an n-dimensional simplicial complex K as X
g
→ L
h
→ J , where L is the set
of vertices of K.
Given l ∈ L define Wl as the union of all B(x, t) such that g(x) = l. Let
us show the multiplicity of W = {Wl}l∈L is at most n + 1. Suppose, on the
contrary, that there are mutually different elements l(0), . . . , l(n + 1) of L such
that Wl(0) ∩ . . . ∩ Wl(n+1) 6= ∅. That means existence of x ∈ X and elements
x(0), . . . , x(n + 1) of X such that x ∈ B(x(k), t) and g(x(k)) = l(k) for all 0 ≤
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k ≤ n + 1. Since g is a simplicial map and [x(0), . . . , x(n + 1)] is a simplex in
the nerve N (U) of U , [l(0), . . . , l(n + 1)] is a simplex in K contradicting K being
n-dimensional.
It remains to show W is uniformly bounded as its Lebesgue number is at least
t. Given l ∈ L put j = h(l). If g(x) = l and h ◦ g is contiguous to f , [f(x), j] is a
simplex in N (V), so Vf(x) ∩ Vj 6= ∅. That means Wl is contained in the star of Vj
in V . Therefore W is uniformly bounded. 
6. Connectivity of coarse simplicial complexes
Here is the basic extension of connectedness to large scale geometry of metric
spaces:
Definition 6.1. ([8], Definition 42 on p.19) A metric space X is coarsely k-
connected if for each r there exists R ≥ r so that the mapping |Ripsr(X)| →
|RipsR(X)| induces a trivial map of πi for 0 ≤ i ≤ k.
It has a natural generalization to coarse simplicial complexes:
Definition 6.2. A coarse simplicial complex K is coarsely n-connected if for
each m there is k > m such that ik,m induces trivial homomorphisms πp(ik,m) of
homotopy groups for all 0 ≤ p ≤ n.
Thus X is coarsely n-connected if and only if Rips∗(X) is coarsely n-connected.
Corollary 47 of [8] says that coarse k-connectedness is a quasi-isomorphism in-
variant. We can easily generalize it slightly:
Corollary 6.3. Coarse k-connectedness is a large scale invariant.
Recall that a metric space (X, dX) is t-chain connected for some t > 0 if
for every two points x, y of X there is a t-chain joining them (that means every
two consecutive points in the chain are at distance less than t). Alternatively,
Ripst(X) is connected. Let us show X being coarsely 0-connected and X being
t-chain connected for some t > 0 are equivalent concepts.
Proposition 6.4. If (X, dX) is a metric space, then the following conditions are
equivalent:
a. X is coarsely 0-connected,
b. there is t > 0 such that Ripst(X) is connected,
c. there is t > 0 such that Ripss(X) is connected for all s ≥ t,
d. dX attains only finite values and there is t > 0 such that H0(Ripst(X))→
H0(Ripss(X)) is injective for all s ≥ t.
Proof. (a) =⇒ (b). Choose t > 1 such that the image of Rips1(X) in Ripst(X)
is contained in one path-component of Ripst(X). Given two points x, y ∈ X , the
corresponding vertices x and y in Ripst(X) have to be joinable by a sequence of
edges, i.e. x and y are joinable in X by a t-chain.
(b) =⇒ (c). If every two points of X are joinable by a t-chain, they are joinable
by s-chain for any s ≥ t (use the same chain).
(c) =⇒ (d) is obvious.
(d) =⇒ (a). Notice the direct limit of H˜0(Ripsn(X))→ H˜0(Ripsn+1(X))→ . . .
is trivial and H˜0(Ripst(X)) maps to it in an injective manner if n > t. Therefore
H˜0(Ripst(X)) = 0 which means X is t-chain connected. 
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Definition 6.5. A metric space (X, dX) is coarsely geodesic if it is coarsely
equivalent to a geodesic metric space.
Proposition 6.6. Let (X, dX) be a metric space. The following conditions are
equivalent:
a. (X, dX) is coarsely geodesic,
b. (X, dX) coarsely 0-connected and there is t > 0 such that the identity func-
tion (X, dX)→ RipsGt(X) is bornologous,
c. (X, dX) coarsely 0-connected and there is t > 0 such that the identity func-
tion (X, dX)→ RipsGt(X) is a coarse equivalence,
d. (X, dX) coarsely 0-connected and there is t > 0 such that the identity func-
tion (X, dX)→ RipsGs(X) is a coarse equivalence for all s ≥ t.
Proof. If (Y, dY ) is geodesic, then the identity function (Y, dY )→ RipsGt(Y ) is
large scale Lipschitz for all t > 0, so the identity function (X, dX)→ RipsGt(X) is
bornologous for every coarsely geodesic space (X, dX) and t > 0 sufficiently large.
Suppose the identity function (X, dX)→ RipsGt(X) is bornologous for some t >
0. Since the identity function RipsGt(X)→ (X, dX) is t-Lipschitz, both RipsGt(X)
and (X, dX) are coarsely equivalent. Since RipsGt(X) is coarsely equivalent to
its geometric realization (which is geodesic if X is coarsely 0-connected and t is
sufficiently large), we are done. 
Corollary 6.7. Every t-geodesic metric space (X, dX) is coarsely geodesic.
Proof. Observe X → RipsGt(X) is bornologous. Indeed, given x, y ∈ X choose
a t-chain x0, . . . , xk joining x and y such that dX(x, y) =
k−1∑
i=0
dX(xi, xi+1) and
k is minimal with respect to that property. Therefore either dX(x, y) < 2 · t or
dX(x, y) ≥ 2 · t, k ≥ 4, and dX(xi, xi+1)+dX(xi+1, xi+2) ≥ t for each 0 ≤ i ≤ k−2.
That implies 2 · dX(x, y) ≥ 2 · (k − 1) · t. Since k is greater than or equal to the
distance of x and y in RipsGt(X), X → RipsGt(X) is bornologous. 
Definition 6.8. A coarse simplicial complexK is coarsely homology n-connected
if for eachm there is k > m such that ik,m induces trivial homomorphisms H˜p(ik,m)
of reduced homology groups for all 0 ≤ p ≤ n.
H1(X) being uniformly generated (see [3]) means there is R > 0 such that
every loop in X is homologous to the sum of loops, each of diameter at most R.
π1(X) being uniformly generated (see [3]) means there is R > 0 such that every
loop in X extends over a perforated disk D and the image of each internal hole of
D has diameter at most R.
Fujiwara and Whyte [3] proved that every geodesic space X so that H1(X) is
uniformly generated (respectively, π1(X) is uniformly generated) is quasi-isomorhic
isomorphic to a geodesic space Y satisfying H1(Y ) = 0 (respectively, π1(Y ) = 0).
Their proof involves adding cones over a family of balls to X . Our next result shows
that one can use Rips complexes for the same purpose.
Proposition 6.9. If X is a geodesic metric space, then the following conditions
are equivalent:
a. X is coarsely homology 1-connected (respectively, coarsely 1-connected),
b. there is t > 0 such that H1(Ripst(X)) = 0 (respectively, Ripst(X) is simply
connected),
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c. there is t > 0 such that H1(Ripss(X)) = 0 for all s ≥ t (respectively,
Ripss(X) is simply connected for all s ≥ t),
d. H1(X) is uniformly generated (respectively, π1(X) is uniformly generated).
Proof. If t < s, then H1(Ripst(X))→ H1(Ripss(X)) is an epimorphism as X is
geodesic. That observation takes care of implications (a) =⇒ (b) and (b) =⇒ (c).
(c) =⇒ (d). If H1(Ripst(X)) = 0 for some t > 0, then any loop can be approxi-
mated by a piecewise-geodesic loop, so it suffices to show that any piecewise-geodesic
loop γ is homologous to a sum of loops of diameter at most 3t. Notice γ can be
realized in Ripst(X), so it is homologous to a sum of loops representing boundaries
of 2-simplices in Ripst(X), hence their diameter is at most 3t.
(d) =⇒ (c). Consider t > 0 such that any element of H1(X) is homologous to
the sum of loops of diameter less than t. Given an element γ of H1(Ripss(X))
for any s ≥ 3t we can realize it as a loop γ : S1 → X in X then extend over an
oriented 2-manifold M , so that its boundary ∂M is the union S0 ∪ S1 ∪ . . . ∪ Sk,
where S0 = S
1 and γ(Si) is of diameter less than t if i > 0. We can triangulate M
requiring that γ(∆) has diameter less than t for each simplex ∆ of the triangula-
tion. That triangulation induces a simplicial map from M to Ripss(X) that can be
extended over cones of each Si, i > 0, thus showing that γ is homologous to 0 in
H1(Ripss(X)).
A similar proof works in the case of the fundamental groups.

Corollary 6.10. If X is a coarsely geodesic metric space, then X is coarsely equiv-
alent to a simply connected geodesic space if and only if X is coarsely 1-connected.
Proof. By definition X is coarsely equivalent to a geodesic metric space Y .
(⇒) By the above proposition (see implication d. ⇒ a.), a geodesic 1-connected
metric space is also coarsely 1-connected.
(⇐) By the above proposition (see implication a. ⇒ b.) Y is coarsely equivalent
to the 1-connected geodesic space Ripst(Y ) for some t. 
7. Coarse trees
The purpose of this section is to provide a simple proof of a result of Fujiwara
and Whyte [3] (see 7.2).
Theorem 7.1. If X is a coarsely geodesic metric space, then the following condi-
tions are equivalent:
a. X is coarsely equivalent to a simplicial tree,
b. asdim(X) ≤ 1 and X is coarsely homology 1-connected,
c. asdim(X) ≤ 1 and X is coarsely 1-connected.
Proof. Assume (X, dX) is geodesic.
(b) =⇒ (c). There is s > t such that H1(Ripst(X)) = 0 and Ripst(X) →
Ripss(X) contiguously factors through a 1-complexK. Since the image of π1(Ripst(X))
in π1(K) is both perfect and free, it must be trivial.
(c) =⇒ (a). Pick a contiguous factorization Ripst(X)
f
→ K
g
→ Ripss(X)
such that K is a simplicial tree and both projections πt : RipsGt(X) → X and
πs : RipsGs(X)→ X are coarse equivalences. Such a factorization exists as we can
replaceK by its universal cover. We may assume K = f(RipsGt(X)) as RipsGt(X)
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is connected and we will use the same notation for f considered as a function defined
on X and g : K → X . Therefore f and g are bornologous and g ◦ f ∼ls idX . As f
is bornologous, there is M > 0 such that dK(f ◦ g ◦ f(x), f(x)) < M for all x ∈ X .
Given a vertex v of K pick x ∈ X so that v = f(x). Now dK(f ◦ g(v), v) < M
proving f ◦ g ∼ls idK . 
Corollary 7.2 (Fujiwara and Whyte [3]). Suppose X is a geodesic metric space.
X is quasi-isometric to a simplicial tree if H1(X) is uniformly generated and X is
of asymptotic dimension 1.
7.2 was used in [3] to show that finitely presented groups of asymptotic dimension
1 are virtually free (see also [4] and [7]).
8. Property A
Property A of G.Yu is usually defined for metric spaces of bounded geometry
(that means the number of points in each r-ball B(x, r) does not exceed n(r) <∞
for each r > 0) as the condition that for each R, ǫ > 0 there is S > 0 and finite
subsets Ax of X × N , x ∈ X , so that Ax ⊂ B(x, S) × N for each x ∈ X and
|Ax∆Ay|
|Ax∩Ay|
< ǫ if d(x, y) < R. Here A∆B := (A \ B) ∪ (B \ A) is the symmetric
difference of sets A and B.
For arbitrary metric spaces X one can use Condition 2 of Theorem 1.2.4 of [15]:
Definition 8.1. X has Property A if and only if for each R, ǫ > 0 there is
a function ξ : X → l1(X) and S > R such that ||ξx||1 = 1 for each x ∈ X ,
||ξx − ξy || < ǫ if d(x, y) ≤ R, and ξx is supported in B(x, S) for each x ∈ X .
Notice one can always assume ξx has non-negative values (replace ξx by its
absolute value). The conditions in 8.1 are weaker than the original definition of Yu
stated in the beginning of this section but both are equivalent for spaces of bounded
geometry (see [15]).
In this section we redefine Property A of Yu in terms of coarse simplicial com-
plexes. Given a simplicial complex K by |K|m we mean the geometric realization
of K equipped with the metric resulting from considering |K| as a subset of l1(K).
It is obvious every simplicial map f : K → L induces a short map f : |K|m → |L|m.
Given two functions f, g : |K| → |L| we say they are contiguous if for every
simplex ∆ of K there is a simplex ∆1 of L such that f(|∆|) ∪ g(|∆|) ⊂ |∆1|.
That generalizes the concept of contiguity between simplicial maps of simplicial
complexes.
Definition 8.2. A coarse simplicial complex K = {K1 → K2 → . . .} has Property
A if for each k ≥ 1 and each ǫ > 0 there is n > k and a function f : |Kk|m → |Kn|m
such that f is contigous to ik,n : |Kk| → |Kn| and the diameter of f(|∆|) is at most
ǫ for each simplex ∆ of Kk.
Theorem 8.3. A metric space X has Property A if and only if its Rips complex
has Property A.
Proof. Suppose X has Property A as in 8.1 and R, ǫ > 0. There is a function
ξ : X → l1(X) and S > R such that ||ξx||1 = 1 for each x ∈ X , ξx has non-negative
values, ||ξx − ξy|| < ǫ if d(x, y) ≤ R, and ξx is supported in B(x, S) for each
x ∈ X . By adjusting the values of ξx we may assume its support is finite for each
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x ∈ X (pick a finite subset C(x) so that
∑
y∈C(x)
ξx(y) > 1− ǫ/2 and shift the sum of
remaining values to a point in C(x)). Therefore ξ may be viewed as a function from
vertices of RipsR(X) to |Rips2S(X)|m and can be extended over |RipsR(X)|m (use
the convex structure of l1(X) and extend the function from vertices over simplices
via linear combinations) so that the resulting ξ : |RipsR(X)|m → |Rips2S+R(X)|m
is contiguous to the inclusion-induced |RipsR(X)|m → |Rips2S+R(X)|m and ξ(|∆|)
is of diameter at most ǫ for any simplex ∆ of RipsR(X).
Conversely, if ξ : |RipsR(X)|m → |RipsS(X)|m is contiguous to the inclusion-
induced |RipsR(X)|m → |RipsS(X)|m and ξ(|∆|) is of diameter at most ǫ for any
simplex ∆ of RipsR(X), then ξ restricted to vertices of RipsR(X) gives a function
µ : X → l1(X) by ξ(x) =
∑
y∈X
µx(y) · y. Since for each x ∈ X there is a simplex ∆x
of RipsS(X) containing both x and ξ(x), the carrier of µx is contained in B(x, S).
Also, if d(x, y) < R, [x, y] forms a simplex in RipsR(X) and its image is of diameter
at most ǫ resulting in ||µx − µy|| ≤ ǫ. 
Since having Property A is an invariant of large scale equivalence of coarse sim-
plicial complexes, Theorem 8.3 really says X has Property A if and only if any of
its coarse simplicial complexes has Property A.
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